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Abstract
Energy momentum tensor of a quantized massless bulk spin-12 field in five dimensional warped
cosmological spacetimes is studied. The four dimensional part of our model represents a warped
cosmological thick brane and the scale of the extra dimension is time-dependent. We use a simple
ansatz to solve the Dirac equation in the bulk that helps us to compare our results with the known
four dimensional case. Renormalisation of the components of the energy momentum tensor is
achieved using adiabatic regularization method. We compute the leading order finite contribution
to the stress-energy tensor which is of adiabatic order six. The resulting energy and pressure
densities explicitly show the effects of the so-called warping factor and the dynamic extra dimension
on the created matter. We show how the energy density produced are localized to form 3-branes
along the extra dimension.
PACS numbers:
∗ Electronic address : suman.ghosh@igntu.ac.in
1
ar
X
iv
:2
00
5.
08
22
0v
1 
 [g
r-q
c] 
 17
 M
ay
 20
20
I. INTRODUCTION
Various classical and quantum aspects of cosmological models with extra spatial dimen-
sions heve been analysed extensively since Kaluza-Klein [1, 2]. Initially extra dimensions
were introduced as an interesting idea which offers many new possibilities. However, in
string theory [3], particularly, extra dimensions appear as an essential feature and not just
an idea. Recently, the string inspired braneworld models [4–9] where our world is viewed as
a four dimensional hypersurface (a 3-brane) embedded in five dimensions have been investi-
gated in great detail, largely because of their potential in proposing achievable experimental
and observational signatures of extra dimensions. The warped braneworld model assumes a
non-factorisable higher dimensional spacetime geometry and the line element on the 3-brane
is scaled by a so-called warp factor. Brane-world models provided a viable resolution of the
long-standing hierarchy problem in high energy physics to begin with. Later works showed
that presence of extra dimensions may also resolve the horizon problem and explain the dark
matter and dark energy effects [10, 11]. Apart from various classical features, these models
also posses reach quantum behaviour. Particle production by quantum fields is an essential
quantum consequence of a dynamic background. Analysis of quantum fields in a higher
dimensional spacetime with a Kaluza–Klein-like extra dimension and gravitational particle
production by scalar fields in braneworld cosmology has been reported in [12–19]. However,
investigations on quantum fields are mostly carried out in time-independent braneworld
backgrounds where the four dimesional part is flat. Such models do not take into account
the cosmological expansion of the 3-brane. Further the scale of the extra dimension could
naturally be dynamic. Interestingly, large class of such warped and time-dependent bulk
solutions of five dimensional Einstein equations, in presence of various bulk matter fields,
were found e.g. in [20]. How a quantized field behave in such background is therefore an
important question.
Quantum field theory in curved spacetime [21–26] aims to study such particle creation
process. It lead to discovery of black hole radiation [27] and also explains the inhomo-
geneities in the cosmic microwave background and the origin of the large-scale structure of
the Universe [28]. The so-called adiabatic vacuum in curved space gives us a notion of par-
ticles that comes closest to the definition of field quanta in Minkowski spacetime. However,
particles are defined globally in terms of field modes and thus depends on the large scale
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structure of spacetime. On the other hand, physical detectors are quasi-local in nature. So,
one investigate the stress tensor or the energy momentum tensor (EMT) which is defined
locally. One important feature of the vacuum expectation value of the EMT components
of a quantum field is the presence of the quadratic and logarithmic ultra-violet (UV) diver-
gences in addition to the expected quartic divergence (the Minkowski vacuum energy [29]).
Various renormalisation methods have been developed to resolve these infinities. The one
that is particularly useful for FLRW spacetimes is adiabatic regularization [30–32]. In this
approach, finite expressions are obtained from the formal infinite ones by subtracting mode
by mode (under the integral sign) the diverging terms from the adiabatic expansion of the
integrands.
In [33], we have studied how the presence of a thick brane [34] with a warped and
dynamic extra dimension effect the particle creation rate of a massless bulk quantum scalar
field. Further, in [35], the author has derived the renormalized energy-momentum tensor
(REMT) components for a massless scalar field in such warped cosmological background
using adiabatic regularization method. Apart from the dependence on the cosmological
expansion, our results showed how the created energy and momentum density is distributed
along the extra dimension. Proceeding further, an analysis of a quantised spin 1/2 field and
the corresponding REMT in the context of warped cosmological thick braneworld with a
dynamic extra dimension is our objective here. Few studies on fermionic fields in higher
dimensions including warped braneworld background has been reported in the literature
[36–50]. However, in case of warped braneworld models, the background geometries were
assumed to be static.
Recently renormalisation of EMT of spin 1/2 field in a FLRW background is achieved
within the framework of adiabatic regularization [51–55]. Here, we extend that formalism
to analyse a spin 1/2 field in a five dimensional warped cosmological Universe. The plan
of the article is as follows. In Section II, we write down the Dirac field equations in the
context of a FLRW spacetime with an warped extra dimension. We assume a particularly
simple ansatz for the Dirac field which helps us to compare our results with the four dimen-
sional results. We write the field equations to determine in terms of, which may be called,
Zeldovich-Starobinsky (Z-S) variables that were introduced in [32]. The equations for these
Z-S variables can be solved as infinite adiabatic series where each term in the series can be
found recursively in a straightforward way. After solving the field equations, In Section III,
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we renormalise the EMT components using the adiabatic subtraction method. The leading
order contribution to the renormalised energy density is explicitly derived. We emphasize on
how the components of REMT depend on metric functions to figure out the distinguishing
roles of the warping factor and the time-dependent cosmological scale factors. Apart from
the adiabatic regularization we discuss how this created matter density is distributed along
the extra dimension, thus providing a notion of localization of matter creating a physical
thick brane as such. Finally, in Section IV, we conclude with comments and future plans.
II. DIRAC FIELD IN AN WARPED COSMOLOGICAL BACKGROUND
Let us consider the background line element to be generically of the form [20]
ds2 = e2f(y)a2(t)[−dt2 + d~x2] + b2(t)dy2, (1)
where e2f(y) is the warp factor, a(t) and b(t) are the scale factors associated with the usual
four dimensional spacetime (~x, t) and the extra dimension (y) respectively. t denotes the
conformal time.
The Lagrangian density of a Dirac field Ψ(t, ~x, y) with mass m in a curved background
geometry is given by [26, 29]
L = Ψ¯(ΓA∇A +m)Ψ, where, Ψ¯ = iΨ†Γ0, A = 0, 1, 2, 3, 4. (2)
In curved spacetime, ΓA satisfies the Clifford algebra : {ΓA,ΓB} = gAB. Note that, gAB =
eAa e
B
b η
ab, ΓA = eAa γ
a and {γa, γb} = ηab where eaA are the vierbeins, γa’s are Dirac matrices in
flat spacetime and ηab is the 5D Minkowski metric (−1, 1, 1, 1, 1). The large Latin alphabets
denote 5D coordinate indices and the small Latin alphabets denote 5D frame indices. The
Dirac matrices in the Dirac-Pauli representation are given by
γ0 = −i
 I 0
0 −I
 , γi = −i
 0 σi
−σi 0
 , γy =
 0 1
1 0
 (3)
where σi are the Pauli matrices,
σ1 =
 0 1
1 0
 , σ2 =
 0 −i
i 0
 , σ3 =
 1 0
0 −1
 . (4)
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Finally, ∇A = ∂A − ωA is the covariant derivative. The spin connections ωA are defined as
ωA =
1
4
eIK(∂Ae
JK + ΓKABe
JB)ΓIΓJ (5)
where ΓIAB are affine connections (see Appendix A) derived from metric (1). The Dirac
equation in generic curved spacetime for field Ψ with mass m is given by,
(eAa γ
a∇A +m)Ψ = 0. (6)
For metric (1), Eq. (6) leads to[
γ0
(
∂0 +
3a˙
2a
+
b˙
2b
)
+ γi∂i + γ
y a
b
e2f (∂y + 2f
′) +ma
]
Ψ = 0 (7)
where an over-dot (˙) represent derivative wrt t and a prime (′) denotes derivative wrt y. In
the following we will consider massless bulk fields which allow us to proceed with simple
separation of variable approach. In the limit b(t) = 1 and f(y) = 0, Eq. (7) matches the 4D
case. In the following we solve the field equation for a massless field.
A. Solving the Dirac equation
To solve Eq. (7), mode expansion of Ψ is written using annihilation operator for particles
(B~kqλ) and creation operator for antiparticles (D
†
~kqλ
) as
Ψ(~x, y, t) =
∑
λ=±1
∫
d4k
(
B~kqλU~kqλ +D
†
~kqλ
V~kqλ
)
, (8)
where, U~kqλ(t, ~x, y) and V~kqλ(t, ~x, y) are eigenfunctions or mode solutions (V~kqλ is obtained
by charge conjugation, V = −γ2U∗, operation on U~kqλ) and
∫
d4k is a measure to sum over
all modes (~k, q). Following ansatz for mode solutions are chosen for simplicity, in terms of
two component spinors, as
U~kqλ(~x, y, t) =
ei
~k·~xGq(y)
N
 hIkq(t)ξλ(~k)
hIIkq(t)
~σ·~k
k
ξλ(~k)
 (9)
V~kqλ(~x, y, t) =
e−i~k·~xG∗q(y)
N
 −hII∗kq (t)ξ−λ(~k)
−hI∗kq(t)~σ·~kk ξ−λ(~k)
 (10)
where N = e3f/2(2pia)3/2b1/2 and ξλ(~k) is the normalised two component spinor satisfying
ξ†λξλ(~k) = 1,
~σ·~k
k
ξλ(~k) = λξλ and −iσ2ξ∗λ(~k) = λξ†−λ(~k) where λ = ±1 represents the usual
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four dimensional helicity1. Our simplistic ansatz will be useful to compare our results with
the recently analysed four dimensional counterpart [51]-[55]. As we will see later, our ansatz
would imply a vanishing pressure density along the extra dimension. In order to have chiral
fermions as projection of bulk spin 1/2 field on 3-brane via dimensional reduction, on may
choose to work with an ansatz suitable in chiral representation. Let us now proceed to extend
our formalism [54, 55] to five dimensional bulk spinor fields in a dynamic background. The
Dirac product is defined as
(u, v) =
∫
d4x
√
h u†v (11)
where,
√
h d4x is the volume element on a four dimensional spacelike Cauchy surface. Nor-
malization conditions satisfied by the mode functions are (U~kqλ, U~k′q′λ′) = (V~kqλ, V~k′q′λ′) =
δλλ′δ(~k − ~k′)δ(q − q′) and (U~kqλ, V~k′,q′,λ′) = (U †~kqλ, V−~k′,−q′,λ′) = 0 which further implies
|hIkq(t)|2 + |hIIkq(t)|2 = 1,
∫
dy G∗q(y)Gq′(y) = δ(q − q′). (12)
Eq. (12) ensures that the standard anti-commutation relations for creation and annihilation
operators are satisfied.
Putting Eq. (9) in Eq. (7) and stetting (where q represents momentum along y)
ef/2
(
G′q
Gq
+
f ′
2
)
= i q, (13)
we get the following first order coupled differential equations for field dynamics
h˙Ikq + iΩh
II
kq = 0, (14)
h˙IIkq + iΩ
∗ hIkq = 0, (15)
where Ω = k + ia
b
q. It is easy to check the Wronskian to be:
h˙Ikq h
II∗
kq − hIkq h˙II∗kq = −iΩ. (16)
Solution of Eq. (13) that satisfies the normalization condition (12) is given by,
Gq(y) =
(∫ ∞
−∞
e−f(y
′) dy′
)−1/2
Exp
[
−f
2
+ i q
∫ y
e−f(y
′)/2 dy′
]
. (17)
Thus
|Gq(y)|2 =
(∫ ∞
−∞
e−f(y
′) dy′
)−1
e−f(y) (18)
1 Using either value of helicity or either of u~kλ and v~kλ, leads to same end results.
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is independent of ‘q’ which is a wave number or mode along y. Note that, even for the
massless bulk Dirac field, conformal invariance of the field equation (7) is broken for q 6= 0
modes and q/b essentially plays the role of ‘mass’ for the on-brane Dirac field as such.
Proceeding further, Eq. (14) and (15) leads to the following decoupled second order
equations
h¨Ikq −
Ω˙
Ω
h˙Ikq + |Ω|2hIkq = 0, (19)
h¨IIkq −
Ω˙∗
Ω∗
h˙IIkq + |Ω|2hIIkq = 0. (20)
The adiabatic vacuum i.e. state of adiabatic order2 zero (that also satisfies the Wronskian
condition) is given by the WKB solution of these field equations (see Appendix B) as,
h
I(0)
kq (t) = f e−, h
II(0)
kq (t) = f
∗ e− (21)
with
f =
1√
2
(
Ω
Ω∗
) 1
4
, e± = e±i
∫ |Ω| dt. (22)
This implies the exact solution can be written as
hIIkq(t) = αkq(t)h
I(0)
kq (t)− βkq(t)hII(0)∗kq (t), (23)
hIIkq(t) = αkq(t)h
II(0)
kq (t) + βkq(t)h
I(0)∗
kq (t) (24)
where αkq(t) and βkq(t) are the Bogolubov coefficients. The normalization condition (12)
leads to
|αkq(t)|2 + |βkq(t)|2 = 1. (25)
Eqs. (23) and (24) implies, the initial conditions are αkq(t0) = 1 and βkq(t0) = 0. Here,
αkq(t) and βkq(t) carries the effect of non-adiabaticity. Here, the adiabatic matching [26] is
used to obtain a zeroth order adiabatic vacuum state at a particular initial time, say t = t0.
This matching fixes the initial values of the mode functions and their first derivatives at
t0. If one chooses a state of different adiabatic order, for adiabatic matching with the exact
state, the associated Bogolubov coefficients (and their initial values at t0) will be different.
In general, one can write [51]
hIIkq(t) = α
(n)
kq (t)h
I(n)
kq (t)− β(n)kq (t)hII(n)∗kq (t), (26)
hIIkq(t) = α
(n)
kq (t)h
II(n)
kq (t) + β
(n)
kq (t)h
I(n)∗
kq (t) (27)
2 A term of nth adiabatic order contains nth derivative of Ω.
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where h
I(n)
kq and h
II(n)
kq are solutions of n
th adiabatic order and α
(n)
kq and β
(n)
kq carries terms
of adiabatic order higher than ‘n’ i.e. they are time-independent upto adiabatic order ‘n’.
Here, we consider the matching with zeroth adiabatic order only. Our ansatz, Eqs. (23) and
(24) further implies
αkq(t) =
(
f ∗ hIkq + f h
II
kq
)
e+, (28)
βkq(t) =
(
f hIIkq − f ∗ hIkq
)
e−. (29)
The number density of spin 1/2 particles created with momentum (~k, q) is then given by,
〈N~kq〉 = 〈B†~kqλB~kqλ〉 = 〈D
†
~kqλ
D~kqλ〉 = |βkq(t)|2. (30)
Note that, if one can derive hIkq and h
II
kq analytically from the field equations, then |βkq|2
directly follows from Eq. (29). However, that would be difficult to find in most cases and
there we may use the general formalism presented below.
Putting Eqs (23) and (24) in Eqs (14) and (15), a system of coupled linear first order
differential equations is obtained for αkq(t) and βkq(t):
α˙kq = −iF (t) βkq e2+, β˙kq = −iF (t)αkq e2−, where F (t) =
k q c˙
2|Ω|2 (31)
where c(t) = a(t)/b(t). Eq. (31) implies the absence of q = 0 modes which is a similar phe-
nomenon as absence of massless particles in a four dimensional conformally flat background.
Note that, for bulk scalar fields however, the conformal invariance of the field equation is
always broken in presence of a dynamic extra dimension and q = 0 modes are produced [33].
The function F (t) is of adiabatic order one and contains q that breaks the conformal invari-
ance of the field equations. Thus F (t) is a measure of non-adiabaticity of the cosmological
evolution and plays a key role in determining the amount of matter created in q 6= 0 modes.
In Eq. (8), the creation and annihilation operators carry this non-adiabaticity and so as the
Bogolubov coefficients in Eqs (23 - 24). Thus it is natural for |βkq|2 to depend on F (t) as
particle creation is essentially a quantum consequence of this non-adiabaticity.
B. Z-S variables
To determine |βkq|2 and the resulting EMT, we follow the formalism developed in [54, 55]
which is an extension of the methodology introduced by Zeldovich and Starobinskii in [32].
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Define three real and independent variables skq, ukq and τkq (or the Z-S variables so to
speak), in terms of the two complex variables αkq and βkq as,
skq = |βkq|2, ukq = αkq β∗kq e2− + α∗kq βkq e2+, τkq = i(αkq β∗kq e2− − α∗kq βkq e2+). (32)
For the Z-S variables, we get a system of three linear first order coupled differential equations
from Eqs (31), given by
s˙kq = −F τkq, (33)
u˙kq = −2 |Ω| τkq, (34)
τ˙kq = −2F (1− 2 skq) + 2 |Ω|ukq, (35)
with initial conditions skq = ukq = τkq = 0 at suitably chosen time t = t0 as discussed earlier.
The vacuum expectation values of EMT components can be easily written in terms of the
Z-S variables which makes the Eqs (33-35) as key equations to solve in this formalism. If
we compare Eqs (33-35) with their four dimensional counterpart (Appendix C), we see that,
behaviour of ‘u’ and ‘τ ’ is exchanged (modulo an overall sign).
To solve the system of Eqs (33-35), we assume that the Z-S variables can be expanded in
asymptotic series in powers of |Ω|−1 in the large momenta limit (|Ω| → ∞) as
skq =
∞∑
r=0
s
(r)
kq , ukq =
∞∑
r=0
u
(r)
kq , τkq =
∞∑
r=0
τ
(r)
kq , r = 0, 1, 2, ... (36)
where the superscript r indicates the adiabatic order. This expansion is valid in the quasi-
classical region where |Ω˙| << |Ω|2. A term of adiabatic order r contains rth time derivative
of |Ω| or c(t). Therefore, in the adiabatic regime higher order adiabatic terms contribute
negligibly. Putting Eq. (36) in Eqs (33-35) and equating terms of same adiabatic orders,
the expansions of skq, ukq, τkq are found to be of the form given below,
skq = s
(2)
kq + s
(4)
kq + s
(6)
kq + ..., (37)
ukq = u
(1)
kq + u
(3)
kq + s
(5)
kq + ..., (38)
τkq = τ
(2)
kq + τ
(4)
kq + τ
(6)
kq + ... (39)
where s
(r)
kq , u
(r)
kq and τ
(r)
kq of different adiabatic orders can be derived from the following recur-
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sion relations:
τ
(r)
kq =
u˙
(r−1)
kq
2|Ω| , (40)
s
(r)
kq = −
∫
F τ
(r)
kq dt, (41)
u
(r+1)
kq =
−4Fs(r)kq + τ˙ (r)kq
2|Ω| , (42)
with u
(1)
kq =
F
|Ω| to be the non-vanishing term of the lowest adiabatic order. It is straight-
forward to solve these equations analytically to arbitrary order. Further, as k → ∞ and if
derivatives of c(t) to any rth order is non zero, we have
s
(r)
kq ∼ k−(r+2), u(r)kq ∼ k−(r+1), τ (r)kq ∼ k−(r+1). (43)
The leading order terms would imply the well-known logarithmic (for r = 4) and quadratic
(for r = 2) UV divergences of the total energy and pressure density.
III. THE ENERGY-MOMENTUM TENSOR AND RENORMALISATION
The expectation of the energy-momentum tensor operator wrt adiabatic vacuum for the
massless Dirac field in curved space is given by
〈TAB〉 =
〈1
2
[
Ψ¯Γ(A∇B)Ψ + h.c.
]〉
. (44)
Note that
〈Ψ¯γa∇bΨ〉 =
∑
λ=±1
∫
d4k v¯kqλγ
a∇bvkqλ. (45)
Thus the vacuum expectation values of the the independent and non-vanishing components
of EMT operator are derived as
〈T 00〉 ≡ −ρ = −
1
2pi2e3fa3b
|Gq|2
∫
dk k2 ρkq, (46)
〈T ii〉 ≡ pi =
1
2pi2e3fa3b
|Gq|2
∫
dk k2 pkq, (47)
〈T yy〉 ≡ py = 0, (48)
〈T 0y〉 = 〈T y0〉 =
1
2pi2e3fa3b
|Gq|2
ef/2
∫
dk k2, (49)
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where ρkq and pkq, for each mode, are given respectively as,
ρkq = − i
a
(
hIkqh˙
I∗
kq + h
II
kqh˙
II∗
kq − hI∗kqh˙Ikq − hII∗kq h˙IIkq
)
, (50)
pkq =
2k
3a
(
hIkqh
II∗
kq + h
I∗
kqh
II
kq
)
. (51)
Using Eqs (23), (24), (25) and (32), we can rewrite Eqs (50) and (51) as
ρkq =
2|Ω|
a
(
1− 2skq
)
, (52)
pkq = −2k
3a
[
k
|Ω|(1− 2skq)−
a q
b |Ω|τkq
]
. (53)
The vacuum energy (in absence of any gravitationally created particles when skq = ukq =
τkq = 0) matches with the Minkowski scenario. 〈T µµ〉 components are functions of Z-S
variables and contain all the UV divergences as such. Note that, 〈T yy〉 or the pressure density
along the extra dimension vanishes identically. As mentioned earlier, this situation may
change with a more general ansatz replacing Eq. 9. Further 〈T 0y〉 diverges quartically and is
not dependent on Z-S variables. So the renormalized value of the off-diagonal components
are simply zero. To remove the divergences in 〈T µµ〉 components, we need to subtract the
Minkowski vacuum contribution as well as leading terms upto necessary adiabatic order from
the expansion of skq, ukq and τkq.
Let us briefly discuss the validity of adibatic approximation in the present context. Define
the on-brane Hubble parameter to be h = c˙/c2. Then, as long as q/b << h, the higher order
adiabatic corrections (which go as powers of |Ω˙|/|Ω|2, see Appendix D) become smaller than
the lower order ones even for k = 0 mode. Thus, the adiabatic expansion is legitimate for
all k-modes [56]. Note that, with q = 0, the adiabatic expansion fails for modes with k < h
(i.e. for on-brane super-horizon modes). However, the expansion is still valid for the modes
satisfying k >> h (i.e. for on-brane sub-horizon modes). Thus the momentum integrals
should be performed in the interval (k∗,∞), for some k∗ >> h. Since the divergences are
essentially caused by large k-modes, for q 6= 0, we expect the adiabatic approximation to be
valid even if we set the lower k-limit to be zero while evaluating the integrals.
We are interested in the distribution of energy and momentum density along y on four
dimensional hypersurfaces for specific q or q/b which plays the role of effective 4D mass.
Thus we do not attempt to regularize the divergence coming from summing over all q. To
find the projected renormalized energy and pressure density one needs to subtract from 〈T µµ〉
11
components the vacuum contribution (which is present even in flat space and in absence of
particles) and Z-S variables terms upto fourth adiabatic order. This leads to
ρ
Ren
=
2 |Gq|2
pi2e3fa4b
∫
dk k2 |Ω|
(
skq − s(2)kq − s(4)kq
)
, (54)
≈ 2 |Gq|
2
pi2e3fa4b
∫
dk k2 |Ω| s(6)kq , (55)
piRen =
|Gq|2
pi2e3fa4b
∫
dk
k3
|Ω|
[
2k
(
skq − s(2)kq − s(4)kq
)
+
q a
b
(
τkq − τ (2)kq − τ (4)kq
)]
. (56)
≈ |Gq|
2
pi2e3fa4b
∫
dk
k3
|Ω|
[
2k s
(6)
kq +
q a
b
τ
(6)
kq
]
. (57)
In Eqs. (55, we have approximated the energy density by the leading order term which is of
sixth adiabatic order. It can be easily shown that
∫
dk k2 |Ω| s(r)kq ∝ q4−r. Thus the energy
density of more and more ‘massive’ modes are suppressed exponentially. Below we discuss
the implications of the leading term in energy density which is of adiabatic order six and an
on-brane conformal anomaly derived in the limit q → 0.
IV. LOCALIZATION AND TIME EVOLUTION OF MATTER DENSITY
The integrals in Eqs (55, 57) can be explicitly performed using sixth order adiabatic
terms. We find the energy density to be,
ρ
Ren
=
|Gq|2 e−3f
20160pi2q2c12b5
[
685c˙6 − 1800c˙4c¨+ 660c2c˙3...c + 750c˙2c¨2 − 144c3c˙2....c
+80c3c¨3 + 9c4
...
c 2 − 18c4c¨....c − 240c3c˙c¨...c + 18c4c˙d
5c
dt5
]
. (58)
This shows that the energy density decreases with increasing q. The functional dependence
of the REMT components on time and extra dimension can be analysed graphically as a two
dimensional surface in T, t, y space. However, since the dependence on t and y are separated
in Eq. (58), we have an advantage of addressing them separately. Note that, a more genral
ansatz for the Dirac field could have resulted in a non-separable energy density as is found
for the scalar field in [35]. Here we discuss the localisation or distribution of matter and
their time evolution separately.
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A. Localization of energy density
In present case, the y-dependence in ρ
Ren
, for example, comes from an over all factor
of |Gq|2 e−3f . Eq. (18), suggests that this overall factor is proportional to e−4f . To be
specific, below we discuss the role of warp factor on destribution of created matter density
along the extra dimension using standard ansatz for the so-called growing and decaying warp
factors [34]. In case of growing warp factor, we set f(y) = log(cosh y/y0) (here y0 defines a
characteristic length scale along the extra dimension). Then, Eq. (17) implies
Gq(y) =
(
pi cosh
y
y0
)−1/2
exp
(
2q y0 F[iy/2y0, 2]
)
. (59)
Where ‘F’ is the elliptic integral of the first kind. Thus, in this case, we have
|Gq|2 e−3f ∼ e−4f = sech4 y
y0
, (60)
which is maximum at y = 0 and decays exponentially with increasing |y|. This implies that
most of the matter density created in mode q is localized near y = 0 and can be thought of
building a ‘thick’ brane as such.
For the decaying (f(y) = − log(cosh y/y0)) warp factor, the solution given by Eq. (17) is
not normalisable. However, if we assume the extra dimension to be finite and set y ≤ |yc|
we get a normalised solution given by
Gq(y) =
([
sinh
y
y0
]yc
−yc
sech
y
y0
)−1/2
exp
(
2q y0 E[iy/2y0, 2]
)
. (61)
Where ‘E’ is the elliptic integral of the second kind. This type of hard boundary would imply
Gq(y) will vanish at and beyond ±yc and G′′(±yc) will contain δ(y ± yc) which must then
be accounted for in the Lagrangian by putting δ(y ± yc) appropriately. More importantly,
the finite size of the extra dimension implies that particles with discrete q values are created
with
q =
(2n+ 1)pi
4 y0 E[iyc/2y0, 2]
, n = 0,±1,±2, .... (62)
Then the the overall y-dependence for decaying warp fator, given by
|Gq|2
e3f
∼ cosh4 y
y0
, (63)
would grows exponentially with increasing |y|. Thus the most amount of matter (of all
possible modes) is created near the boundaries y = ±yc. This scenario could represent two
‘thin’ branes formed near or at the boundary walls along a finite extra dimension.
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FIG. 1: Time dependence of scale factors and the renormalised energy density for Case-1.
B. Time evolution of energy density
Let us now turn to the time evolution of the energy density and write
ρ
Ren
=
|Gq|2ρt
e3fq2
(64)
where ρt carries all the time dependence in Eq. (58). To have an idea of what role the
dynamic scale of the extra dimension may play, let us look at three simple cases where the
3-brane represents a asymptotically radiative Universe at t→ ±∞ with a bounce at t = 0.
• Case-1: a(t) = √1 + (t/t0)2, b(t) = 1
Here, the scale of the extra dimension is constant. The energy density profile in this
case is similar to a 4D scenario with no extra dimension (modulo the overall factor).
Fig. (1)3 shows that, at the bounce, energy density has a local minimum. Further, for
the bounce to be followed by a late time radiative brane, the energy density eventually
becomes negative and at some |t| = tc, hits the minima and asymptotically reaches
zero as |t| → ∞. Note that, the negative energy density regime is a characteristic
feature of the bounce as that region disappears for a(t) ∝ t.
• Case-2: a(t) = √1 + (t/t0)2, b(t) = √ t20+t24t20+t2
Here the scale of the extra dimension also has a minimum at t = 0 (with b(t)|t=0 =
a(t)|t=0/2) and grows with |t| and b(t → ±∞) equals a(t)|t=0, i.e. the scale of the
extra dimension, although growing, always remains smaller than the cosmological scale
3 For graphical computation we have set t0 = 1
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FIG. 3: Time dependence of scale factors and the renormalised energy density for Case-3.
factor. Fig. (2) shows that presence of such expanding extra dimension flattens the
local minima in energy density that occurs at t = 0 and also lowers the value of
negative minima ρt(tc). Thus an expanding extra dimension essentially contributes
with a positive energy density and may give rise to arbitrarily small negative energy
density at late times while the 3-brane still has a bounce.
• Case-3: a(t) = √1 + (t/t0)2, b(t) = √ t20+t2t20+4t2
Here the scale of the extra dimension has a maximum at t = 0 (with b(t)|t=0 = a(t)|t=0)
and shrinks with increasing |t| and b(t→ ±∞) equals a(t)|t=0/2. Here also, the scale
of the extra dimension always remains smaller than the cosmological scale factor. Fig.
(3) shows that presence of such shrinking extra dimension enhances the local minima
in energy density that occurs at t = 0 and also the value of negative minima ρt(tc). It
is interesting to note that the analytic solutions found in [20] are mostly of this type.
Thus the dynamic property of the extra dimension does have an impact on the matter
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creation sourced by a spin-1/2 field. Implications when the energy density becomes negative
is particularly interesting. Further detailed study on this aspect (including pressure density
profiles as well), for various cosmological scenario like de Sitter expansion which is thought to
be driven by a cosmological constant with negative energy density, is needed. As mentioned
earlier, a more general ansatz for the Dirac field may provide more insights.
V. CONFORMAL ANOMALY ON THE BRANE
In an even dimensional conformally flat spacetime, the trace of the energy momentum
tensor of a Dirac field with mass m given by T µµ = mΨ¯Ψ (where µ is summed over), vanishes
in the m → 0 limit. However, renormalisation procedure renders the quantum counterpart
of T µµ finite. This phenomenon is known as the conformal anomaly. Similarly, on the brane
(which is conformally flat) one can derive an effective conformal anomaly in the limit q → 0.
The vacuum expectation value of the trace of on-brane stress tensor in mode q is
〈T µµ〉 =
|Gq|2
2pi2e3fa3b
∫
dk k2 〈T 〉k (65)
with
〈T 〉k = 2q
b
[
a q
b|Ω|(1− 2skq) +
k
|Ω|τkq
]
(66)
To renormalise this trace, the usual method of subtracting the vacuum contribution and
terms upto fourth adiabatic order gives,
〈T µµ〉Ren =
|Gq|2 q
pi2e3fa3b2
∫
dk k2
[
−2a q
b|Ω|
(
skq − s(2)kq − s(4)kq
)
+
k
|Ω|
(
τkq − τ (2)kq − τ (4)kq
)]
. (67)
The above expression in the q → 0 limit gives,
lim
q→0
〈T µµ〉Ren = lim
q→0
|Gq|2 q
pi2e3fa3b2
∫
dk k2
[
−2a q
b|Ω|s
(4)
kq +
k
|Ω|τ
(4)
kq
]
(68)
=
|Gq|2
e3fb5
(−11c˙4 + 29cc˙2c¨− 12c2c˙...c − 9c2c¨2 + 3c3....c
240pi2c8
)
, (69)
where we have used explicit expressions of s
(r)
kq and u
(r)
kq given in Appendix D. Note that,
Eq. (69) represent the trace anomaly of a spin 1/2 field with mass m ≡ q/b(t) (in the
m → 0 or q → 0 limit) in a four dimensional warped FLRW universe with effective scale
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factor c(t) = a(t)/b(t). If we set b(t) = 1 and f(y) = 0, Eq. (69) matches exactly with the
four dimensional result [21–26]. However in this case, the effective trace anomaly also has
an overall factor which is proportional to e−4f and is different on different location along
the extra dimension. Effect of such overall factor in the back reaction problem would be
interesting to investigate.
VI. DISCUSSION
We have studied particle creation due to a massless bulk spin-1/2 field in a 5D warped
cosmological braneworld scenario. We analysed the distinguishing effects of various compo-
nents of such models, i.e. the warping factor, the on-brane cosmological expansion factor
and the dynamic scale of the extra dimension on matter creation. To solve the Dirac equa-
tion, we used a simple ansatz which is a simplest possible extension of what one uses for 4D
FLRW background. This helps us to compare our results with the four dimensional case.
The renormalized energy momentum tensor is derived using the adiabatic regularization
method developed in [54, 55]. The leading order term of the renormalised energy density,
which is of sixth adiabatic order, is explicitly calculated. Below we summarize our findings.
• The leading contribution in energy density for each q, where q represents the so-called
Kaluza-Klein tower, is proportional to q−2. For growing (decaying) warp factor, q
takes continuous (discrete) values. Interestingly, q/b(t) acts like the (time-dependent)
mass of the projected or on-brane spin-1/2 field. Unlike the case for scalar fields,
particles in q = 0 mode are not produced.
• The warping factor determines how much of the created matter density would be
localized at different locations along the extra dimension. It is found that a growing
warp factor creates a thick brane as such. Whereas, in presence of a finite extra
dimension, a decaying warp factor pushes matter onto the boundaries creating thin
branes. The presence of warp factor essentially helps matter to accumulate at the
minimum of the warp factor. This suggests that as many parallel braneworlds would
be formed as the number of minima in the warp factor.
• The adiabatic series solutions for the Z-S variables play key role in our method of
adiabatic regularization. Interestingly, comparison of equations for Z-S variables with
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4D case shows that the role of the variables uk and τk is exchanged. An intuitive
understanding of these correspondence surely will arise from a clear idea about what
uk and τk actually represent, like sk always represents particle number density in mode
k. We plan to report more on this in detail elsewhere.
• Using a toy model for a cosmological brane with a bounce, where a(t) = √1 + (t/t0)2,
we showed that if the extra dimension is expanding it contributes a positive energy
density at all times and thus flattens the effect of the bounce on the energy density
which in fact becomes negative at late times. On the other hand, a shrinking extra
dimension has an opposite effect on the energy density. These and other derivations
including the on-brane conformal anomaly suggests that for brane dynamics the ratio
a(t)/b(t) plays the role of effective cosmological scale factor.
In order to study production of on-brane chiral fermions (through dimensional reduction),
one may work with a more general ansatz, in chiral representation, for the bulk Dirac
field. This may lead to a REMT components with unique features like non-separability
in t and y. Particularly, components like 〈T yy〉 and 〈T 0y〉 may become non-zero which
would suggest matter flow along the extra dimension as such. Further, such analysis may
dynamically explain why the universe has a preference for left-handed chirality. It was
shown earlier [57, 58], that the back-reaction from particle production eventually lead to
isotropisation which could be crucial as our background metric is essentially anisotropic. It
will be interesting to analyse the time scale of such bulk isotropisation process. An initial
anisotropy could explain the creation of primordial magnetic fields as well. It would also
be an interesting exercise to compare the on-brane matter density with the critical energy
density to test the viability of various models. Some of these results may depend on the
exact dynamic nature of a(t) and b(t) as well. We plan to report on these in future.
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Appendix A: Useful geometric quantities
The non-zero affine connections for metric (1):
Γ000 = Γ
0
ii = Γ
i
i0 =
a˙
a
, Γµµy = Γ
0
0y = f
′; µ = 0, 1, 2, 3. (A1)
Γy00 = −Γyii =
a2e2f
b2
f ′, Γ0yy =
bb˙
a2e2f
, Γy0y =
b˙
b
. (A2)
The non-zero spin connections derived using Eq. (5) are given by
ω0 =
ef a f ′
2 b
γ0 γ
y, (A3)
ωi =
a˙
2a
γ0 γ
i +
ef a f ′
2 b
γi γ
y, (A4)
ωy =
b˙
2b ef
γ0 γ
y. (A5)
Appendix B: WKB solution
To find the WKB solution to Eqs (19) and (19), we restore ~, which implies
h¨Ikq −
Ω˙
Ω
h˙Ikq +
|Ω|2
~2
hIkq = 0, (B1)
h¨IIkq −
Ω˙∗
Ω∗
h˙IIkq +
|Ω|2
~2
hIIkq = 0, (B2)
Let us assume,
hIkq(t) ∼ exp
[∫ (
X(t) + iY (t)
)
dt
]
(B3)
where X(t) =
1
~
∞∑
n=0
~nXn(t), Y (t) =
1
~
∞∑
n=0
~nYn(t). (B4)
Putting Eq. (B3) in Eq. (B1) and equating the terms of zeroth order in n, i.e. terms of the
order of ~−2, we get
X20 − Y 20 + 2iX0Y0 + |Ω|2 = 0, (B5)
which implies
X0 = 0, Y0 = ±|Ω|. (B6)
Similarly, solving for the first order in n, leads to
iY˙0 + 2iY0X1 − 2Y0Y1 − iΩ˙
Ω
Y0 = 0, (B7)
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which implies
Y1 = 0, X1 =
1
4
(
Ω˙
Ω
− Ω˙
∗
Ω∗
)
. (B8)
Higher order terms can be neglected in the WKB approximation. Thus, Eq. (B3) leads to
hIkq(t) ∼
1√
2
(
Ω
Ω∗
) 1
4
exp
[
i
∫
|Ω|dt
]
(B9)
Similarly one can solve Eq. (B2).
Appendix C: Equation for Z-S variables in FLRW Universe
The equations for Z-S variables in the four dimensional FLRW Universe are given by
[54, 55]
s˙k = F uk, (C1)
u˙k = 2F (1− 2sk)− 2Ωkτk, (C2)
τ˙k = 2Ωkuk. (C3)
Appendix D: s
(r)
q , u
(r)
q and τ
(r)
q of different adiabatic orders
At the first adiabatic order we have,
u
(1)
kq =
F
|Ω| =
qkc˙
2|Ω|3 . (D1)
Then, using Eqs (40 - 42) recursively, we get
τ
(2)
kq =
3q3kcc˙2
4|Ω|6 −
qkc¨
4|Ω|4 . (D2)
s
(2)
kq =
q2k2c˙2
16|Ω|6 . (D3)
u
(3)
kq =
5q3k3c˙3
16|Ω|9 −
15q5kc2c˙3
8|Ω|9 +
5q3kc˙c¨
4|Ω|7 −
qk
...
c
8|Ω|5 , (D4)
τ
(4)
kq = −
35q3k5c˙2c¨
32|Ω|12 −
5q7kc5c¨2
8|Ω|12 −
15q7kc5c˙
...
c
16|Ω|12 −
5q3k5cc¨2
8|Ω|12 +
105q5k3cc˙4
32|Ω|12 −
15q3k5cc˙
...
c
16|Ω|12
−105q
7kc3c˙4
16|Ω|12 −
5q5k3c3c¨2
4|Ω|12 −
15q5k3c3c˙
...
c
8|Ω|12 +
qk7
....
c
16|Ω|12 +
q7kc6
....
c
16|Ω|12
+
175q5k3c2c˙2c¨
32|Ω|12 +
3q3k3c2
....
c
16|Ω|10 +
105q7kc4c˙2c¨
16|Ω|12 , (D5)
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s
(4)
kq =
21q4k4c˙4
256|Ω|12 −
21q6k2c2c˙4
64|Ω|12 +
7q4k2cc˙2c¨
32|Ω|10 +
q2k2c¨2
64|Ω|8 −
q2k2c˙
...
c
32|Ω|8 . (D6)
Higher order terms can be derived in similar way.
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